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ON THE HYPERSURFACES CONTAINED IN THEIR HESSIAN
PIETRO DE POI AND GIOVANNA ILARDI
Abstract. This article presents the theory of focal locus applied to the hy-
persurfaces in the projective space which are (finitely) covered by linear spaces
and such that the tangent space is constant along these spaces.
Introduction
Let X ⊂ Pn be an irreducible hypersurface given by a form f of degree d ≥ 3.
Let IIP be the second fundamental form of X at a general smooth point P ∈ X ; it
can be interpreted as a quadric IIP ⊂ P(TPX) ∼= Pn−2. A smooth point P is said
to be h-parabolic for X if the quadric IIP has rank n− h− 1, 1 ≤ h ≤ n− 1, with
the convention that the null quadric has rank 0.
B. Segre in [Seg51] proved that if every smooth point of X is h-parabolic, then
the polynomial fh divides the Hessian polynomial h(f) of X , he posed a problem
of finding the hypersurfaces X with h-parabolic points such that h(f) is divisible
by fh+1.
Then the problem was studied by A. Franchetta in [Fra51] and [Fra54] where
the 1-parabolic case is considered in the case of, respectively, P3 and P4 and more
generally by C. Ciliberto in [Cil80]. A. Franchetta used, to prove his results, the
theory of focal locus of families of lines introduced by C. Segre in [Seg10]. This
theory has not been carried on by other more recent researchers.
For the study of hypersurfaces with vanishing Hessian (i.e. such that fh divides
the Hessian polynomial h(f) of X , for every h) and their link with ideals failing
the strong Lefschetz property see for example [GR15], [Gon17], [GZ18], [Wat00],
[Wat14] and [Wat17].
In this paper, we follow the approach introduced in [CS92] for studying congru-
ences of k-planes B of Pn, i.e. families of k-planes of dimension n − k via their
focal locus, giving a modern account of C. Segre’s theory of [Seg88]. The number of
k-planes passing through a general point P ∈ Pn is, by dimensional reasons, finite,
and this number is called order a of the congruence. If this number is positive, i.e.,
the k-planes sweep out Pn, then the congruence is geometrically described by its
focal locus F , that is the branch locus of the map f from the incidence correspon-
dence to Pn: indeed, either a k-plane of B is contained in F or it intersects F in
hypersurface of degree n−k, the latter being the general case. If in particular a = 1,
i.e. f is birational, by Zariski Main Theorem we have that F coincides with the
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fundamental locus, that is, the locus of points through which there passes infinitely
many k-planes of B; for example, in the case k = 1, B is given by the (n−1)-secant
lines to F (see for example [DP01], [DP03], [DP04], [DP05] and [DP08]).
Unfortunately this geometric approach relies on the fact that—at least in the
general case—the k-planes sweep out Pn, which is a smooth variety, and the fact
that the normal space of a k-plane in Pn is immediate to calculate.
In this paper, we have adapted and applied the theory of focal locus to the
case of the hypersurfaces such that their smooth points are h-parabolic. Such a
hypersurface X ⊂ Pn can be characterized, see Proposition 4.2, as covered by a
ΣX family h-planes, such that through a general point P ∈ Pn there passes only
one h-plane of the family, see Remark 5.3. We have that dimΣX = n − 1 − h,
and, in analogy of the case of Pn we can call ΣX a congruence of h-planes of X of
order 1. Indeed, since X is always singular, we have to take desingularizations of
the varieties and maps considered. This can be done and it is contained in Section
5; the main problem here is that there is no good description of the focal locus as
in the case of Pn and this is mainly due to the fact that it is not easy to find the
normal space of an h-plane in a desingularization of X . Though, something can
be said: for example, we can give dimensional bounds on the focal locus F of this
family: as in the case of Pn, F has codimension at least 2 in (a desingularization
of) X : see Theorem 5.4. We note that, differently to the case of Pn, it can happen
that F = ∅: we characterize these varieties in Proposition 5.6. Finally, we show,
using the language of the moving frames, that our definition of the focal locus is
more restrictive than the classical one of C. Segre and A. Franchetta.
1. Preliminaries
We shall adopt the usual notation and conventions of algebraic geometry as in
[Har77] and [GH94]. We will work with schemes and varieties over the complex
field C. If V is a C-vector space of dimension n + 1, with fixed basis (e0, . . . , en)
and with dual basis (x0, . . . , xn) in the dual vector space V
∗, as usual Pn = P(V ) =
ProjSymV ∗ = Proj(C[x0, . . . , xn]) is the projective n-dimensional space of V , and
G(2, V ) is the Grassmannian of 2-dimensional vector subspaces of V (or, which is
the same, of the lines in P(V )). In what follows, we shall denote by TPX the Zariski
tangent space and by TPX ⊂ Pn the embedded tangent space.
2. h-parabolic points
Let us consider an irreducible hypersurface X ⊂ Pn given by an irreducible form
f ∈ C[x0, . . . , xn]d of degree d ≥ 3. Let IIP be the second fundamental form of
X at a general smooth point P ∈ X . Such a form can be seen, by definition, as
a linear system generated by a quadric in P(TPX) ∼= Pn−2. As such, IIP either
consists of a unique quadric of rank k, where 1 ≤ k ≤ n− 1, or it is empty, in the
case of the zero quadric. Therefore, we can say that IIP is defined by a quadric of
rank k, where 0 ≤ k ≤ n− 1. By abuse of notation, sometimes we will identify this
quadric with the second fundamental form IIP .
Obviously, we expect that the general point of the general hypersurface has IIP
defined by a quadric of rank n− 1.
Sometimes, it is convenient to consider the quadric defining the second funda-
mental form IIP as a quadric Q(IIP ) in TPX ; clearly, this is the set of lines passing
through P which intersect X with multiplicity at least 3.
ON THE HYPERSURFACES CONTAINED IN THEIR HESSIAN 3
Definition 2.1. Classically, Q(IIP ) ⊂ TPX is called asymptotic cone.
Remark 2.2. The equation defining Q(IIP ) is the same as one defining IIP , and the
vertex of Q(IIP ) is the span of P and the vertex of IIP .
Definition 2.3. We call a smooth point P h-parabolic for X if the quadric of IIP
has rank n− h− 1 (1 ≤ h ≤ n− 1). In other words, the dimension of the vertex of
IIP is h− 1 (equivalently, the dimension of the vertex of Q(IIP ) is h). If IIP = ∅,
i.e. if P is (n− 1)-parabolic, we say also that P is a flex. The set of all h-parabolic
points is the locus of the parabolic points and its points are the parabolic points of
X .
3. The Hessian
Now, we recall the following basics.
Definition 3.1. The Hessian matrix of X = V (f) is the matrix formed by the
second partial derivatives of f
H(f) :=
(
∂2f
∂xi∂xj
)
0≤i,j≤n
.
Definition 3.2. The Hessian polynomial of X is the polynomial defined by
h(f) := detH(f).
Clearly either h(f) ≡ 0 or h(f) is a form of degree (n+ 1)(d− 2). In the latter
case, the form defines a hypersurface, which is called Hessian hypersurface of X .
It is easy to see (see for example [BCGMB09, §5.6.4]) the following
Proposition 3.3. The locus of parabolic points (together with the singular locus)
is given by the intersection of the Hessian hypersurface with X itself.
Therefore the closure of the parabolic locus is the union of the parabolic locus
with the singular locus of X.
Corollary 3.4. If all the (smooth) points of X are parabolic, then
X ⊂ V (h(f)),
and vice versa.
Indeed, one can prove even more:
Theorem 3.5. If all the (smooth) points of an irreducible hypersurface X ⊂ Pn
defined by a form f are h-parabolic, then
h(f) = fhg,
that is X is a h-tuple component of its Hessian.
See [Seg51] and [Zak04, Corollary 4.4] for a modern account.
If, in particular, h(f) ≡ 0, then X is a k-tuple component of its Hessian, for
every k ∈ N, and X is said to be, classically, with indeterminate Hessian.
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4. The Gauss map
Let us consider the Gauss map
γ1 : X99KPˇn(4.1)
P 7→ TPX,
where, as usual, Pˇn = P(V ∗) is the dual of Pn = P(V ) and it is defined on the
smooth locus of X , which is denoted by Xsm. It is clear that in our case the
(closure of the) image of γ1 is the (projective) dual variety of X , which is denoted
by Xˇ ⊂ Pˇn.
Remark 4.1. The differential of γ1 at P ∈ Xsm, denoted by dPγ1, can be thought
as the second fundamental form IIP , see for example [GH79, (1.62) p. 379].
Moreover, we recall that the (closure of the) fibres of the Gauss map are linear
spaces, see [GH79, (2.10), p. 388]. More precisely, if the rank of dP γ1 (or, which is
the same, the rank of IIP ) is n−h−1(< n−1), or equivalently, P is an h-parabolic
point, then
P
h
P := γ
−1
1 (γ1(P ))
∼= Ph.
Let us denote by σP ∈ G(h+1, V ) the point that corresponds to the h-dimensional
subspace PhP ⊂ P
n; then the σP ’s generate a subvariety
(4.2) ΣX :=
⋃
P∈Xsm
σP ⊆ G(h+ 1, V ).
After this remark, it is obvious that one can characterize the varieties with h-
parabolic points by the following:
Proposition 4.2. If all the smooth points of our irreducible hypersurface X ⊂
Pn = P(V ) defined by the form f are h-parabolic, the subvariety ΣX ⊆ G(h+ 1, V )
of the fibres σP of the Gauss map is such that
(1) dimΣX = n− h− 1;
(2) X is covered by the elements of ΣX ;
(3) if P,Q1, Q2 ∈ P
h
P are general points, then TQ1X = TQ2X = TPX(=
γ1(P ));
(4) if P ∈ X is a general point, then PhP is the vertex of the asymptotic cone
Q(IIP );
(5) X ⊂ V (h(f)); more precisely h(f) = fhg, i.e. X is a h-tuple component of
its Hessian.
Vice versa, if a hypersurface satisfies the properties (1), (2) and either (3) or (4),
i.e. X is covered by a family of h-planes of dimension n − h − 1 such that in
the smooth points of the general h-plane the tangent space to X is constant, all
its smooth points are h-parabolic. If X satisfies (5) and h is maximal with this
property, then there exists an h′ ≤ h such that all the smooth points of X are
h′-parabolic.
Proof. Clearly, we have only to prove case (4); but this follows for example from
the proofs of [GH79, (2.6) and (2.10)]: the vertex of Q(IIP ) is defined by the forms
in [GH79, (2.8)], and letting these to move, they define the foliation on X along
which the tangent space remains constant and equal to TPX , i.e. the fibre of the
Gauss map, and this is a linear space by [GH79, (2.10)]. 
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5. Focal locus
Let us consider now a desingularization S of our (n− h− 1)-dimensional variety
ΣX ⊂ G(h+ 1, V ) defined in (4.2):
s : S → ΣX ⊂ G(h+ 1, V );
associated to it we have the incidence correspondence
I ⊂ S ×X ⊂ S × Pn;
the projections induce maps
I
p
  
  
  
 
q

❄❄
❄❄
❄❄
❄
S X
and p : I → S gives a flat family of h-planes of Pn; but these h-planes are contained
in X , which is—in general—a singular variety. We can consider the following
rational map
φ : X 99K S
P 7→ s(σP )
which associates to the (smooth) point P ∈ Xsm its fibre of the Gauss map. Let us
consider a desingularization ξ : Ξ→ X of X which resolves also the indeterminacy
of φ:
Ξ
ϕ
⑧⑧
⑧⑧
⑧⑧
⑧⑧ ξ

❅❅
❅❅
❅❅
❅
S oo
φ
❴❴❴❴❴❴❴ X
and the corresponding fibre product Λ := I ×X Ξ:
S Ip
oo
q

Λǫ
oo
η

π
ss
X Ξ
ξ
oo
.
Since ǫ and p are flat morphisms, the composition morphism π : Λ→ S is flat too.
We recall the following:
Definition 5.1. A congruence of k-planes in Pn is a flat family (Λ, B, p) of k-planes
of Pn obtained by a desingularization of a subvariety B′ of dimension n− k of the
Grassmannian G(k + 1, n+ 1) of k-planes of Pn. Notice that p is the restriction of
the projection p1 : B × Pn → B to Λ. By dimensional reasons, there passes a finite
number of elements this family though the general point of Pn, and this number is
called the order of the congruence.
Therefore, in analogy with the case of Pn, we can call the above flat family
(Λ, S, π) as a congruence of h-planes in X . In this case dimX = n−1 and dimS =
n− h− 1, therefore there passes a finite number of elements the family though the
general point of X . We will observe in Remark 5.3 that this number is one.
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Therefore, we can define the above triple (Λ, B, π) as a congruence of h-planes
in X .
We note that π gives a structure of a Ph-bundle on S to Λ.
Now we observe that—from the natural inclusion of the product Λ→ S×Ξ—we
can construct the focal diagram associated to this flat family of h-planes:
0

TS×Ξ/Ξ |Λ

λ
&&▲
▲▲
▲▲
▲▲
▲▲
▲
0 // TΛ //
dη
$$■
■■
■■
■■
■■
■ TS×Ξ |Λ
//

NΛ/S×Ξ // 0
η∗TΞ

0
where TS×Ξ/Ξ = Hom(Ω
1
(S×Ξ)/Ξ,OS×Ξ) is the relative tangent sheaf of S ×Ξ with
respect to Ξ (and observe that, if p1 : S×Ξ→ S is the projection, p∗1TI
∼= TS×Ξ/Ξ)
and λ is given by composition and it is called global characteristic map of our
family. If we restrict λ to a fibre Λs := π
−1(s), s ∈ S of the family Λ, we obtain
the characteristic map of the family relative to s:
λ(s) : TsS ⊗OΛ(s) → NΛ(s)/Ξ
where Λ(s) ⊂ Ξ is the image of Λs in Ξ. Passing to global sections, we get a linear
map
ℓ(s) : TsS → H
0(Λ(s),NΛ(s)/Ξ)
which is the differential of the functorial map S → Hilb
q(x)
Ξ .
Now, the condition
rankλ < n− h− 1 = rankTS×Ξ/Ξ |Λ= rankNΛ/S×Ξ
defines a closed subscheme of Λ, and from the focal diagram clearly we have
kerλ ∼= ker dη
and this closed subscheme gives the ramification divisor of η.
Definition 5.2. The image F ⊂ Ξ of η, i.e. the branch locus of η is called the focal
locus of the family Λ of h-planes contained in X . Its points are called focal points.
Remark 5.3. Now, it is immediate to observe that the map η is birational, since
through the general point of X (and therefore of Ξ) there passes only one h-space
of the family: it is said that the family has order one.
Therefore, by Zariski Main Theorem, we deduce that the focal locus coincides
with the fundamental locus, that is, the locus of the points of Ξ for which the fibre
under η has positive dimension.
From this we deduce that
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Theorem 5.4. If X ⊂ Pn is a hypersurface whose smooth points are h-parabolic
and F is the focal locus of the family of h-planes contained in X, then
dimF ≤ n− 3,
i.e. F has codimension at least 2 in Ξ.
Therefore we have
Corollary 5.5. If X ⊂ Pn is a hypersurface that is a component of its Hessian
then
dimF ≤ n− 3.
In particular, this is true for a hypersurface with indeterminate Hessian.
It can indeed happen that F = ∅:
Proposition 5.6. Under the assumptions from the previous theorem, F = ∅ if and
only if the h-planes of X give a structure of Ph-bundle on Ξ.
Proof. It follows from the fact that F = ∅ if and only if the map η is an isomorphism,
and that Λ is a Ph-bundle over S.

Remark 5.7. Since η : Λ → Ξ is birational and Λ and Ξ are smooth, we can think
of η as the blow-up of Ξ along the focal locus F .
We recall that (Proposition 4.2, (3)) that the tangent hyperplane is constant
along the points of a fixed h-plane of X .
Example 5.8. The simplest case in which Proposition 5.6 applies is clearly the
case in which X is a cone: in this case a desingularization of X is obviously a
Ph-bundle.
Example 5.9. Let Y ⊂ P2h+1 be a non-degenerate (i.e. not contained in a hy-
perplane) non-defective (i.e. such that its secant variety has expected dimension)
variety of dimension h; then, its variety of tangents TY := ∪P∈YsmTPY ⊂ P
2h+1
is a developable hypersurface, whose desingularization is clearly the projectivized
tangent bundle of Y .
Asking if there are more examples beyond Examples 5.8 and 5.9, we need to
focus on the infinitesimal behaviour of our variety, which will be done in Section 6.
6. Moving frames
To study the behaviour of X in P ∈ Xsm, following [GH79] (and references
[2], [6], [7] and [10] therein), and using notation as in [DPDGI13] and [DPI15] we
consider the manifold F(X) of frames in X . An element of F(X) is a Darboux
frame centred in P . This means an (n+ 1)-tuple
{A0;A1, . . . , An−1;An}
which is a basis of V ∼= Cn+1 such that, if π : V \ {0} → PN is the canonical
projection,
π(A0) = P, and π(A0), π(A1), . . . , π(An−1) span TP (X).
Here and in this section, following [GH79], by abusing notation, we identify the
embedded tangent space with its affine cone.
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Let this frame move in F(X); then we have the following structure equations (in
terms of the restrictions to X of the Maurer-Cartan 1-forms ωi, ωi,j on F(Pn)) for
the exterior derivatives of this moving frame
(6.1)


ωn = 0
dA0 =
∑n−1
i=0 ωiAi
dAi =
∑n
j=0 ωi,jAj i = 1, . . . , N
dωj =
∑n−1
h=0 ωh ∧ ωh,j j = 0, . . . , n− 1
dωi,j =
∑n
h=0 ωi,h ∧ ωh,j i = 1, . . . , n, j = 0, . . . , n.
Following [GH79], we have that, in this notation, the second fundamental form of
X in P is given by the quadric
(6.2) V (2) =
n−1∑
i,j=1
ωiωi,n =
n−1∑
i,j=1
qi,jωiωj,
where qi,j(= qj,i) are defined by
(6.3) ωi,n =
∑
j
qi,jωj ,
which are obtained via the Cartan Lemma from
0 = dωn =
∑
i
ωi ∧ ωi,n,
since ωn = 0 on TP (X).
The (projective) Gauss map can be expressed, using the above Darboux frame,
as the rational map
γ1 : X 99K Pˇn
P 7→ A0 ∧ · · · ∧ An−1,
and therefore by (6.1),
dγ1 ≡
n−1∑
i=1
(−1)n−iωi,nA0 ∧ · · · ∧ Aˆi ∧ · · · ∧ An−1 ∧ An, mod TPX ;
from which one can deduce that dγ1 at P can be interpreted as the second funda-
mental form at P , since, thanks to the canonical isomorphism
∧n−1
V ∼= V ∗, we
have
ωi ∼= (−1)
n−iA0 ∧ · · · ∧ Aˆi ∧ · · · ∧ An−1 ∧ An,
see (6.3).
Let now suppose as above that the Gauss map has fibres PhP of dimension h; this
happens—as we have seen—if and only if rank(dγ1) = n− h− 1 and if and only if
the space
U∗ := 〈ωi,n〉i=1,...,n−1 ⊂ T
∗
P (X)
has dimension n − h − 1. Dually, this space defines a subspace U ⊂ TP (X) of
dimension h, defined by the equations
ωi,n = 0, i = 1, . . . , n− 1.
We choose a frame such that ωh+1, . . . , ωn−1 form a basis for U
∗, that is
(6.4) 〈ωi,n〉i=1,...,n−1 = 〈ωh+1, . . . , ωn−1〉.
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Indeed, the quadric of the second fundamental form is a cone with vertex Ph−1 =
P(U), see [GH79, (2.6)] and has equation, see [DPI15, (3.11)]
V (2) =
n−1∑
k1,k2=h+1
qk1,k2ωk1ωk2 .
Of course, the cone over Ph−1 = P(U) with vertex P in TPX is the (closure of the)
fibre of the Gauss map PhP
∼= Ph, see [GH79, (2.10)] and Proposition 4.2, (4).
6.1. Focal locus and moving frames. We start by recalling the notation intro-
duced in [GH79, §2(a)]. Let B be an r-dimensional variety,
f : B → G(h+ 1, V )
be a morphism, y ∈ B be a general point, and let Sy ⊂ V (where as above Pn =
P(V )) be the (h + 1)-dimensional vector space which corresponds to f(y). Then,
the differential of f in y can be thought of
dyf : TyB → Hom(Sy, Ny),
where Ny :=
V
Sy
. More explicitly, if y1, . . . , yr are local coordinates of B near y,
and if e0(y), . . . eh(y) is a basis for the (h + 1)-dimensional vector spaces near Sy,
we have
dyf
(
∂
∂yi
)
(ej(y)) ≡
∂(ej(y))
∂yi
mod Sy
for i = 1, . . . , r and j = 0, . . . h. Then fixing w ∈ TyB, one can define the infinitely
near space to Sy in the direction of w as
Sy
dw
:= Im dyf(w) ⊂ Ny,
and—if we denote by [v] the class of v ∈ V in Ny—we consider the following
subspaces of V :
Sy +
Sy
dw
:=
{
v ∈ V | v = s+ t, s ∈ Sy, [t] ∈
Sy
dw
}
Sy ∩
Sy
dw
:=
{
s ∈ Sy | [s] ∈
Sy
dw
}
= ker(dyf(w)).
Obviously, we have
rank(dyf(w)) = ρ ⇐⇒ dim(Sy +
Sy
dw
) = h+ 1 + ρ ⇐⇒ dim(Sy ∩
Sy
dw
) = h+ 1− ρ.
(6.5)
We also denote the projective subspaces of Pn associated to the vector spaces just
defined by
P
h
y +
P
h
y
dw
:= P(Sy +
Sy
dw
)
P
h
y ∩
Phy
dw
:= P(Sy ∩
Sy
dw
).
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We apply now this to the situation of Section 5 with S = B, s = f , and r =
n−h− 1. Moreover, Phy = P
h
P for some P ∈ X (we can suppose that P is a smooth
point), with y ∈ S. A count with coordinates shows, see [GH79, (2.18)]
(6.6) Phy +
Phy
dw
= PhP +
PhP
dw
⊂ TPX =: P
n−1
y .
The focal points in a PhP , as defined classically by C. Segre and A. Franchetta, are
given by PhP ∩
P
h
P
dw and the points in this set are contained in the singular locus of
X ([GH79, (page 393)]).
Remark 6.1. Indeed, our definition of focal point is more restrictive than the clas-
sical one: for example, the points of the vertex of a cone (see Example 5.8) or the
points of the variety Y from Example 5.9 are focal points in the classical sense, but
these are not focal points for us.
This fact can also be seen in the following way: if we do not have the focal locus
in the classical sense, we must have that
P
h
P ∩
PhP
dw
= ∅
which is equivalent the requirement that
dimPhP +
PhP
dw
= 2h+ 1
and therefore h ≤ n2 − 1.
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